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Microbial communities feature an immense diversity of species and the extent of this diversity correlates with
outcomes ranging from ecosystem stability to medical prognoses. Yet the mechanisms underlying microbial
diversity are not well understood; simple resource-competition models do not allow for coexistence of a large
number of species. However, it was recently shown that metabolic trade-offs can lead to unlimited diversity in
a chemostat model. Do such trade-offs permit diversity under more realistic, intermittent conditions of nutrient
supply? Here, we demonstrate that in serial dilution culture, metabolic trade-offs allow for high diversity. Unlike
the chemostat case, diversity depends on the amount of nutrient supplied to the community. The form of this
dependence varies with the precision of trade-offs and the presence of cross-feeding, immigration, or evolution.
The large variation seen in this simple model suggests that real ecosystems may not obey a single universal
relationship between nutrient supply and diversity. To connect to real microbial communities, we validate our
model framework against previously published Escherichia coli batch and chemostat experiments and outline
potential future experiments to test the model’s multispecies predictions.
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Introduction
Microbial communities feature an immense diversity of
organisms, with the typical human gut microbiota containing
hundreds, and a gram of soil containing thousands, of dis-
tinct microbial genomes [1, 2]. These observations clash with
a prediction of resource-competition models, known as the
competitive-exclusion principle – namely, that steady-state
coexistence is possible for only as many species as resources
[3, 4]. This conundrum is familiarly known as the “paradox of
the plankton” [5]. Solving this paradox may provide one key
to predicting and controlling outcomes ranging from ecosys-
tem stability to successful cancer treatments in humans [6–9].
Many possible solutions of the paradox have been offered: (i)
interactions between microbes, such as cross-feeding or an-
tibiotic production and degradation [10, 11], (ii) spatial het-
erogeneity [12, 13], (iii) persistent non-steady-state dynamics
[5], and (iv) predation by viruses [14]. Many explanations
for the paradox commonly assume a chemostat framework
wherein nutrients are continuously supplied and there is a con-
tinuous removal of biomass and unused nutrients [15]. How-
ever, in nature nutrients are rarely supplied in a constant and
continuous fashion. In particular, seasonal variation is ubiq-
uitous in ecology, influencing systems ranging from oceanic
phytoplankton communities [16] to the microbiota of some
human populations [17]. How does a variable nutrient supply
influence diversity?
To address this question, we consider a known resource-
competition model that permits high diversity at steady state
due to metabolic trade-offs, but now in the context of se-
rial dilution to reflect a more realistic variable nutrient sup-
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ply. Serial dilution is well-established as an experimental ap-
proach. For example, the bacterial populations in the Lenski
long-term evolution experiment [18], experiments on commu-
nity assembly [19], and antibiotic cross-protection [20] were
all performed in serial dilution. While previous models of
serial dilution have characterized competition between small
numbers of species with trade-offs in their growth character-
istics [21, 22], the theoretical understanding of diversity in se-
rial dilution is much less developed than for chemostat-based
steady-state growth.
Here, we show that metabolic trade-offs allow a serial dilu-
tion system to support unlimited coexistence, but that, unlike
the chemostat case, community diversity depends upon both
nutrient bolus and inoculum size. This dependence allowed us
to explore an unresolved question in ecology [23–25]: what is
the relationship between the amount of nutrient supplied and
the resulting diversity of the community? Experimental stud-
ies of this question have mainly been performed in macroe-
cological contexts [26–28], though recently there has been in-
creased focus on microbial systems [29, 30]. In microbial ex-
periments, some evidence has supported the “hump-shaped”
unimodal trend predicted by many theories [31]. However, a
meta-analysis by Smith [32] found no consistent trend across
microbial experiments. What we observe here is concordant
with Smith’s result: even in our highly simplified model, there
is no general relationship between nutrient supply and diver-
sity. Among the factors we find that influence this relationship
are cross-feeding, relative enzyme budgets, and the presence
of mutation. That so much variation appears in a simple model
suggests that real ecosystems are not likely to display a sin-
gle universal relationship between nutrient supply and diver-
sity. To connect to real microbial systems, we then compare
our model framework of substitutable and simultaneous nu-
trient consumption to previously published experimental data
from Escherichia coli growing in batch and chemostat condi-
tions. We find that our model agrees quantitatively with both
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2datasets and outline potential future experiments to test the
model’s multispecies predictions.
Results
We employ the serial dilution model depicted in Fig. 1A.
At the beginning of each batch (t = 0), we introduce the
inoculum, defined as a collection of species {σ} with initial
biomass densities ρσ(0) in the batch such that the total initial
biomass density is ρ0 =
∑
σ ρσ(0). Together with the inocu-
lum, we supply a nutrient bolus, defined as a mixture of p nu-
trients each with concentration in the batch ci(0), i = 1, . . . , p
such that the total nutrient concentration is c0 =
∑p
i=1 ci(0).
For simplicity, we assume ideal nutrient to biomass conver-
sion, so that for a species to grow one unit of biomass den-
sity, it consumes one unit of nutrient concentration – this
can be viewed as a choice of the nutrient units (we consider
the case of nutrient-specific yields Yi in Appendix Fig. 8 and
show it does not qualitatively alter coexistence in the model).
During each batch, the species biomass densities ρσ(t) in-
crease with time, starting at t = 0, and growth continues un-
til the nutrients are fully depleted,
∑p
i=1 ci(∞) ≈ 0. Thus,
at the end of a batch, the total biomass density of cells is∑
σ ρσ(∞) = ρ0 + c0. The next batch is then inoculated with
a biomass density ρ0 with a composition that reflects the rela-
tive abundance of each species in the total biomass at the end
of the previous batch. This process is repeated until “steady
state” is reached, i.e. when the biomass composition at the
beginning of each batch stops changing.
FIG. 1: Illustration of serial dilution resource-competition
model. (A) Serial dilution protocol. Each cycle of batch
growth begins with a cellular biomass density ρ0 and total
nutrient concentration c0. The system evolves according to
Eqs. 2-3 until nutrients are completely consumed. A sample
of the total biomass is then used to inoculate the next batch
again at density ρ0. (B) Representation of particular enzyme-
allocation strategies {ασ} (colored circles) and nutrient sup-
ply composition ci/c0 (black diamond) on a 2-nutrient sim-
plex, where the right endpoint corresponds to 100% Nutrient
1. (C) Representation of particular strategies (circles) and nu-
trient supply (black diamond) on a 3-nutrient simplex.
In the model, a species σ is defined by its unique enzyme
strategy ~ασ = (ασ,i, . . . , ασ,p) which determines its ability to
consume different nutrients. Each species can consume mul-
tiple nutrients simultaneously, in line with the behavior of mi-
crobes at low nutrient concentrations [33]. Specifically, we
assume that species σ consumes nutrient i at a rate jσ,i (per
unit biomass) that depends on nutrient availability ci and on
its enzyme allocation strategy ασ,i according to
jσ,i =
ci
Ki + ci
ασ,i. (1)
For simplicity, we take all Monod constants to be equal,
Ki = K (a more general form of the nutrient model is consid-
ered in Appendix B). During each batch, the dynamics of nu-
trient concentrations and biomass densities then follow from
the rates jσ,i at which the species consume nutrients:
dci
dt
= −
∑
σ
ρσjσ,i, (2)
dρσ
dt
= ρσ
∑
i
jσ,i. (3)
Since the level of one enzyme inevitably comes at the ex-
pense of another, we model this trade-off via an approximately
fixed total enzyme budget E. Formally, we take
∑
i ασ,i =
E+ε ξσ , where ξσ is a zero-mean and unit-variance Gaussian
variable. Without loss of generality we take E = 1; initially
we set ε = 0. This allows us to visualize the strategies ~ασ
as points on a simplex, depicted as colored circles embedded
in: (i) the interval [0, 1] for two nutrients (Fig. 1B), or (ii) a
triangle for three nutrients (Fig. 1C). One can plot the nutri-
ent bolus composition ci/c0 on the same simplex, as depicted
by the black diamonds in Fig. 1B and C. In what follows, we
focus on the case of two nutrients, though the main results
extend to an arbitrarily large number of nutrients.
One can intuit that our serial dilution model at very low nu-
trient bolus size will mimic a chemostat. Adding a small nutri-
ent bolus, letting it be consumed, then removing the additional
biomass, and repeating is tantamount to operating a chemo-
stat with a fixed nutrient supply and dilution rate. Indeed,
the limit c0  K yields the same steady state as a chemo-
stat (Appendix D). Thus, our results for serial dilution include
and generalize those obtained for a closely related chemostat
model [34]. Critically, it was shown there that in the presence
of metabolic trade-offs, the chemostat can support a higher
species diversity than prescribed by the competitive exclu-
sion principle. Specifically, if the nutrient supply lies within
the convex hull of the strategies on the simplex (visualized
by stretching a rubber band around the outermost strategies),
an arbitrarily large number of species can coexist at steady
state. Note that the coexistence steady state is not single fixed
point, but rather a degenerate manifold of possible solutions.
Thus, in the chemostat-limit of the cases shown in Figs. 1B
and C all the species will coexist. Conversely, if the supply
lies outside the convex hull, (e.g., if we swapped the positions
of the leftmost species and the supply in Fig. 1B) the number
of surviving species would be strictly less than the number
3of nutrients, consistent with competitive exclusion. To under-
stand the convex-hull rule, note that a state of arbitrarily high
coexistence can only occur if the chemostat self-organizes to
a “neutral” state in which the nutrient concentrations are all
equal, and thus all strategies have the same growth rate. This
state is achieved if and only if the total enzyme abundances lie
along the same vector as the nutrient supply, which is achiev-
able only if the supply lies within the convex hull of the strate-
gies present.
Effect of Total Nutrient Bolus on Coexistence
In the chemostat limit, increasing the nutrient supply
rate simply proportionally increases the steady-state popula-
tion abundances. However, away from this limit we find that
the magnitude of the nutrient bolus can qualitatively affect the
steady-state outcome of serial dilutions. To understand this ef-
fect, we first consider a simple case of two nutrients and two
species as depicted in Fig. 2A. The two species will coexist if
each species is invasible by the other. In our example, we first
determine the invasibility of species R (strategy indicated by
red circle) by species with strategies lying to its left. To this
end, we choose a nutrient supply and perform model serial di-
lutions until steady state is reached. For a particular finite bo-
lus size, we find that for all supplies within the hatched region
an infinitesimal inoculum of any species lying to the left of
R will increase more than R during a batch, and therefore can
invade R. Similarly, we determine the invasibility of species B
(strategy indicated by blue circle) by any species with a strat-
egy lying to its right, and find the second hatched region. The
intersection of these hatched regions for which (1) B can in-
vade R and (2) R can invade B is the supply interval of mutual
invasibility where these two species will stably coexist. The
coexistence interval is bounded by the red and blue triangles,
and each of these coexistence boundaries is a unique property
of its corresponding species. We call these species-specific
boundaries remapped because they generally lie at different
locations on the simplex than the strategies they originated
from, with the extent of remapping depending on the nutrient
bolus size. (At a more technical level, the remapped bound-
ary for a given species and bolus size is the nutrient supply
for which, over the course of a batch, all nutrients are equally
valuable).
Since the remapped coexistence boundaries depend on the
nutrient bolus size c0, changing bolus size can qualitatively
change the steady-state outcome of serial dilutions. Fig-
ure 2B-D depicts an example of how c0 affects remapping,
and the consequences for species coexistence. At low bolus
size, c0  K, corresponding to the chemostat limit, Fig. 2B
(left) shows that all species present achieve steady-state coex-
istence. This follows because the nutrient supply (black di-
amond) lies inside the convex hull. When c0 is increased to
c0 ≈ K (Fig. 2C), the coexistence boundaries are remapped
towards the center of the simplex (dashed arrow). In this ex-
ample, the nutrient supply now lies outside the convex hull.
This results in one winner species (the dark blue one near-
est the supply), with all others decreasing exponentially from
FIG. 2: The nutrient bolus size c0 affects the relative abun-
dance of species and even their coexistence at steady state. (A)
Schematic of the mutual invasibility condition for two species
and two nutrients. Top: The red species can be invaded by
any species with a strategy to its left if the supply lies in the
region marked by the hatched rectangle. Middle: Similarly,
showing the supplies for which blue can be invaded by any
species with a strategy to its right. Bottom: The intersec-
tion defines a mutual invasibility region of supplies for which
the two species red and blue will coexist. Triangles mark the
boundaries of this coexistence region. (B-D) Example of the
effect of c0 on coexistence for more than two species: the ap-
proach to steady state, showing ρσ versus batch number (left
column) with the corresponding c0-dependent remapping of
coexistence boundaries (right column). (B) For the chemostat
limit c0  K, where K is the Monod constant for nutrient
uptake, the triangles marking coexistence boundaries coincide
with the species’ strategies, ασ . (C) For c0 ≈ K the triangles
are remapped towards the center of the simplex compared to
the strategies {ασ}. In this example the nutrient supply (black
diamond) ends up outside the coexistence boundaries, so only
one species survives. (D) For c0  K the triangles again co-
incide with the strategies {ασ}, leading again to coexistence.
batch to batch. This loss of coexistence with increasing nutri-
ent bolus size is reminiscent of Rosenzweig’s “paradox of en-
richment” in predator-prey systems [35]. Strikingly, however,
as bolus size is further increased to c0  K, the coexistence
boundaries are remapped back to their original positions, so
that the nutrient supply once again lies within the convex hull,
and so steady-state coexistence of all species is recovered.
Why does the coexistence boundary of a species map back
to its original strategy in the limit of large bolus size, c0  K?
In this limit, the nutrient uptake functions in Eq. 1 will be satu-
rated during almost the entire period of a batch. Each species
will therefore consume nutrients strictly in proportion to its
4strategy ασ,i. For the case of two nutrients (e.g., as shown in
Fig. 1B), if there is only a single species present then if the
supply lies anywhere to the left of its strategy, at some time
during the batch there will be some of Nutrient 2 remaining
after the bulk of Nutrient 1 has been consumed. Thus a single
species can be invaded by any strategy to its left, provided the
supply also lies to its left. Similarly, a species can be invaded
by any strategy to its right if the supply lies to its right. This is
exactly the condition for the coexistence boundary of a species
to coincide with its actual strategy (details in Appendix E).
We have rationalized coexistence in our serial dilution
model in terms of mutual invasibility, but have not explicitly
stated the condition for an arbitrary number of species to co-
exist in steady state. In the chemostat limit, all species coexist
when the concentrations of all nutrients are equal, implying
the same growth rate for all strategies. However, for serial
dilutions the nutrient concentrations are generally not equal
and are not even constant in time. Instead, it is the integrated
growth contribution of every nutrient that must be equal to
allow for arbitrary coexistence. In the case of equal enzyme
budgets (ε = 0), this condition occurs when the time integrals
of the nutrient Monod functions within a batch are all equal,
i.e.,
Ii =
∫ ∞
0
ci
Ki + ci
dt = const. (4)
To understand this condition for coexistence beyond compet-
itive exclusion, note that the instantaneous rate of growth of
a species σ is
∑
i ασ,ici/(Ki + ci), so that the fold increase
of a species during a batch is exp(~ασ · ~I). This fold increase
will be equal for all species if and only if Eq. 4 holds. When
there are two nutrients, Eq. 4 holds at steady state whenever
the supply is inside the convex hull of the coexistence bound-
aries of the species present (details in Appendix C). For more
nutrients, the corresponding condition is that the region of co-
existence is bounded by contours that connect the outermost
remapped nodes.
Steady-state Diversity
As is apparent in Fig. 2C, not all strategies are remapped
to the same extent. In Fig. 3A, we plot the remapping of co-
existence boundaries as a function of nutrient bolus c0. Note
that: (i) the specialists (0, 1) and (1, 0) and the perfect gener-
alist (0.5, 0.5) are not remapped at all; (ii) remapping is maxi-
mal for c0 ≈ K; (iii) there is no remapping in both the c0 → 0
and c0 → ∞ limits (see also Appendix Fig. 9). The extent of
remapping also depends on the inoculum size ρ0 as shown in
Fig. 3B, which demonstrates that remapping is maximal for
ρ0  K and vanishes for ρ0  K.
How does remapping influence steady-state species diver-
sity? A useful summary statistic for quantifying diversity [36]
is the effective number of species me = exp [−
∑
σ Pσ lnPσ]
where Pσ = ρσ(0)/ρ0. Diversity as measured byme is shown
in Fig. 3C for six choices of nutrient bolus composition. No-
tably, if the two nutrients are supplied equally (top curve,
magenta), me is independent of c0 and coincides with the
maximal possible diversity (dashed black line), namely equal
steady-state abundances of all species (Fig. 3D, top). Con-
versely, if Nutrient 1 comprises only 5% of supplied nutrient
(Fig. 3C, bottom curve, cyan), the number of effective species
me is lower than maximal even in the chemostat-limit of small
bolus sizes c0  K and drops even further for c0 ≈ K. This
loss of diversity is due to the dramatically lowered steady-
state abundances of strategies that favor Nutrient 1 (Fig. 3D,
bottom). For very large bolus sizes, diversity returns to its
chemostat-limit, as expected from the lack of remapping for
c0  K. Though here we focused on the case of two nutri-
ents, these results extend to more nutrients (for three nutrients
see Appendix Fig. 18).
FIG. 3: Remapping of strategies at finite nutrient supply gen-
erally reduces species diversity. (A) As shown for the case
of two nutrients, the remapping of strategies (i.e., the shift of
coexistence boundaries) is non-monotonic with nutrient bo-
lus size c0 (colors indicate 21 equally spaced strategies). (B)
Heat map of the extent of remapping for strategy (0.2, 0.8)
as a function of nutrient bolus size c0/K and inoculum size
ρ0/K. (C) Steady-state effective number of species me as a
function of bolus size c0/K with equal initial inocula adding
up to ρ0/K = 10−3; the same initial conditions apply for pan-
els D-F. Colors correspond to different nutrient supply com-
positions c1/(c1+c2). Dashed black line: maximum diversity
(equal species abundances) is attained when nutrient compo-
sition is (0.5, 0.5). (D) Steady-state species abundances {ρσ}
for nutrient composition (0.5, 0.5) (top) and (0.05, 0.95) (bot-
tom). (E,F) Same as C,D but with two trophic layers with Nu-
trient 1 a byproduct of metabolizing Nutrient 2: (E) effective
number of species me and (F) species abundances ρσ .
5Cross-feeding
It is possible to extend Eqs. 2 and 3 beyond a single
trophic layer, allowing for consumption of metabolic byprod-
ucts. This is a form of cross-feeding, which has generally
been found to promote diversity [10] and stable community
structure [19]. Here, cross-feeding is introduced through the
byproduct matrix Γσi,i′ , which converts the consumption of nu-
trient i′ to production of nutrient i such that,
dci
dt
= −
∑
σ
ρσ
(
jσ,i −
∑
i′
Γσi,i′jσ,i′
)
. (5)
We focus on the simplest case: initially supplying only Nutri-
ent 2, with Nutrient 1 solely derived as a metabolic byproduct
via Γσi,i′ =
(
0 Γ
0 0
)
for all species. When Γ = 1, upon con-
sumption Nutrient 2 is perfectly converted to Nutrient 1, lead-
ing to an equal total supply of the two nutrients. More gener-
ally,
∫∞
0
∑
σ ρσjσ,1 dt = Γc2(0) which allows a direct com-
parison between the unitrophic and bitrophic regimes: starting
with c2(0) nutrient results in (Γ + 1)c2(0) total nutrient, and
hence the Nutrient 1 fraction is Γ1+Γ of the total.
How does cross-feeding influence diversity in our serial di-
lution model? In Fig. 3E we compare bitrophic diversity for
six values of Γ to their unitrophic equivalents (in Fig. 3C).
We note that: (i) bitrophy still supports diversity greater than
the competitive-exclusion limit; (ii) in the chemostat regime,
c0  K, the unitrophic and bitrophic schemes have identical
values of me, and these drop as c0 → K; (iii) but for bitro-
phy the me does not recover for c0  K; (iv) even when
the total supply of both nutrients is equal (Γ = 1), bitro-
phy leads to lower than maximal me outside the chemostat
limit. These features are clarified in Fig. 3F, which shows
steady-state species abundances for Γ values leading to a to-
tal Nutrient 1 supply fraction of 0.5 and 0.05, and highlights
the lower diversity for bitrophy compared to unitrophy for
large nutrient bolus size. This difference is due to an ”early-
bird” effect: a species consuming supplied nutrient early in
the batch can build a sizable population before the competing
species that rely on its byproduct. The early-bird population
then outcompetes the others for byproduct consumption. As
such, this effect increases with c0/ρ0; the effect also becomes
stronger at low c0/K, since this allows the early-bird species
more time to grow more before the byproduct accumulates
to high enough levels to be significantly consumed (Appendix
Fig. 10).
Population Bottlenecks
So far we have considered deterministic dynamics, which
is appropriate for large populations. In natural settings, how-
ever, there are often small semi-isolated communities. For
these communities, fluctuations can play an important role.
In particular, population bottlenecks can lead to large demo-
graphic changes [37]. How does the nutrient supply affect
diversity in such communities? To address this question, we
applied discrete sampling of a finite population when diluting
from one batch to the next (see Appendix A). With this pro-
tocol, an “extinction” occurs when sampling yields zero indi-
viduals of a species. For a long enough series of dilutions such
extinctions would ultimately lead to near-complete loss of di-
versity. For small real-world populations, however, diversity
may be maintained by migration. To model such migration
we augmented the population at each dilution with a “spike-
in” from a global pool of species, in the spirit of MacArthur’s
theory of island biogeography [38].
In Fig. 4A we show results of spike-in serial dilutions for
a population bottleneck of 1000 cells. 95% of these cells are
sampled from the previous batch, while 5% are sampled from
a global pool, with equal abundances of 21 equally spaced
strategies (cf. Fig. 3A). The resulting me vs. c0 curves
have maximal me for all six nutrient fractions in the regime
c0  K where the 5% spike-in dominates sampling noise.
As expected, for a balanced nutrient supply at any c0, all
species have the same average abundance (Fig. 4B top). By
contrast, when Nutrient 1’s fraction is low (Fig. 4A cyan and
4B bottom), increasing c0 increases the abundance gaps be-
tween the species, reflecting the uneven competition for Nu-
trient 2. Overall, the spike-in protocol leads to higher diver-
sity at low c0 than the deterministic case (starting from equal
species abundances but with no spike-in, Fig. 3C). For large
c0, the me vs. c0 curves for these two protocols are indistin-
guishable. The only noticeable difference is that the spike-in
maintains a higher level of the least competitive strains, but
since these abundances are still low, this difference in not re-
flected in the me values.
Unequal enzyme budgets
While we have assumed exact trade-offs to achieve di-
versity within a resource-competition model, the trade-offs
present among real microorganisms will not be exact. For the
serial dilution protocol with spike-ins, diversity is maintained
by migration and so it is possible to relax the constraint of
exact trade-offs. How does diversity depend on the nutrient
supply if we allow species to have different enzyme budgets?
We implemented random differences in species enzyme bud-
gets by setting ε = 0.1, i.e. a standard deviation of 10%,
and plotted effective number of species me in Fig. 4C. As in
the ε = 0 limit (Fig. 4A), at sufficiently small c0 the spike-
in procedure dominates both sampling noise and differential
growth rates due to unequal enzyme budgets. Raising c0 leads
to a drop in me (albeit still above the competitive-exclusion
limit). Examining the species abundances in Fig. 4D, we note
that differences in enzyme budget establish a fitness hierar-
chy even when nutrient fractions are equal (top), with those
species with the highest budgets increasing in relative abun-
dance as c0 increases. The asterisk (*) marks the species
with the highest total enzyme budget, which becomes the most
abundant for c0 > K. Reducing Nutrient 1’s fraction to 0.05
results in a shifting abundance hierarchy (Fig. 4D, bottom): at
low c0 the highest abundance species is the one that consumes
6only Nutrient 2, as in the equivalent ε = 0 case. However, in-
creasing c0 results in increased abundance for the species with
the highest enzyme budget – which would ultimately lead to
its domination for sufficiently large c0. In short, for spike-in
serial dilutions the influence of unequal enzyme budgets de-
pends on the nutrient supply, such that the species with the
largest budgets dominate for large, unbiased supplies.
FIG. 4: Diversity of small communities with migration. Each
batch was inoculated with 1000 cells: 950 cells sampled with-
out replacement from the previous batch, 50 cells sampled
from 21 equally abundant, equally spaced strategies. (A) Ef-
fective number of species me for different compositions of
two nutrients (colors) as a function of nutrient bolus size
c0/K. (B) Average steady-state species abundances {ρσ}
for nutrient composition (0.5, 0.5) (top) and (0.05, 0.95) (bot-
tom). (C) as A, but with random species-specific total enzyme
budget specified by ε = 0.1. (D) as B but with species-specific
enzyme budgets from C. Asterisk (*) indicates the species
with the largest enzyme budget.
Mutation-Selection Balance
So far, we have considered experimental serial dilution
systems as a proxy for the variable nutrient supply of natural
ecosystems. To more closely capture the dynamic equilibrium
of populations in the wild, we extend our model to include
mutation-selection balance. Specifically, we introduce muta-
tions as random changes in metabolic strategy [39]. Since a
mutant is initially present as a single cell, it becomes essential
to stochastically model the population dynamics, including
both reproduction and sampling for each inoculum. Within
a batch, instead of the deterministic ODEs of Eqs. 2-3 we
simulate stochastic dynamics using Gillespie’s method, sum-
marized in Table I in Appendix A. For large populations, the
resulting steady state matches the deterministic one, including
the remapping observed in Fig. 3A (see Appendix Fig. 11). To
account for mutations, we modify the growth term to allow for
mutation, whereby when species σ grows by one cell, instead
FIG. 5: Diversity of species under mutation-selection balance.
Starting from an inoculum of 1000 cells, a fraction ν = 0.01
of cell divisions results in a mutation to a randomly-selected
one of 201 evenly spaced strategies. Populations recorded at
the start of each batch. (A) Effective number of species me
for different nutrient compositions (colors) as a function of
nutrient bolus size c0/K. (B) Rank-abundance curves for Nu-
trient 1 fractions 0.05 (cyan) and 0.5 (magenta); line thickness
indicates value of c0/K.
of making another σ, it makes a σ′ cell, i.e. σ → σ + σ′.
Mutation occurs at a rate νρσ
∑
i jσ,i, while normal growth,
σ → 2σ, occurs at a rate (1−ν)ρσ
∑
i jσ,i. Together, stochas-
tic reproduction, inter-batch sampling, and intra-batch muta-
tions lead to complex dynamics whereby a species can appear,
flourish for a number of batches, then die out, with different
species replacing it. This results in fluctuations in the number
of species present from batch to batch (Appendix Fig. 12 and
Fig. 13).
How does species diversity depend on nutrient bolus size
c0 under conditions of mutation-selection balance? Previ-
ously, we saw that diversity decreased for c0 ≈ K due to the
remapping of coexistence boundaries. Now with mutations,
the larger the nutrient bolus c0, the more mutations within a
batch, leading to more species at the end of the batch (Ap-
pendix Fig. 14). How do these opposing tendencies combine?
Figure 5A shows the effective number of species, me. As c0
increases, the decrease in me due to remapping is offset by
mutations generating new species. As a result, for these pa-
rameters, me is flat as c0 ≈ K. As c0 increases further, me
does increase, due to both mutations and reduced remapping.
This is evident in Fig. 5B which shows more species and flat-
ter rank-abundance curves for higher c0 for a balanced nutri-
ent supply (magenta). Even for an unbalanced nutrient supply
(cyan), diversity increases for large enough c0/K. (Lower
values of c0/K are shown in Appendix Figs. 15, 16). Broadly
speaking, mutations in our model lead to a “rich get poorer”
effect in which high-abundance species feed low-abundance
species with a steady stream of mutants, leading to higher
overall species diversity.
Comparison of model framework with experimental data
We have explored the implications of our model in a variety
of contexts, but how well does our framework of substitutable
and simultaneous consumption of nutrients reflect how mi-
crobes grow in nature? In artificial media with high nutrient
7levels (e.g. ∼g/L of sugar), a pattern of sequential utilization
is often observed where a preferred nutrient (often glucose) is
consumed before others [40]. However, these artificially high
nutrient levels are far above the nutrient levels typically found
in natural environments [41]. At these lower concentrations,
simultaneous utilization of multiple substitutable nutrients is
often observed [33, 42, 43]. We therefore compared our mod-
eling framework to previously published data from chemostat
and batch experiments on E. coli supplied with multiple sug-
ars at low concentrations.
We use chemostat data from Lendenmann et al. [43] who
measured the steady-state concentrations of biomass and sug-
ars, with E. coli continuously supplied with mixtures of glu-
cose, fructose, and ribose. We applied the chemostat version
of the model [34] and constrained the fit with previously mea-
sured values of the Monod constants Ki for this strain [44].
From the fit, we estimated the consumption strategies αi for
glucose, fructose, and ribose, with the rest of the parameters
being defined experimentally (see Appendix A for values of
these parameters). As shown in Figs. 6A and B, the result-
ing model matches the data well with strategies, measured
in (mg sugar)(mg biomass)−1h−1, of αgluc = 1.96 ± 0.12,
αfruc = 2.04 ± 0.11, and αribo = 1.41 ± 0.01. This corre-
sponds to a normalized strategy of (0.36, 0.38, 0.26). The
only notable deviations between the best-fit model and the
data occurs for two fructose steady states. These deviations
would be corrected if Kfruc was larger, suggesting that the
Kfruc used here may not reflect the actual value in the experi-
ment. The model also accurately predicts the resulting steady-
state biomass concentrations, which are a constant 47 mg/L
in the experiment and approximately constant at 45 mg/L in
our model. As a whole, the overall good agreement suggests
that our model assumptions are consistent with the behavior
of E. coli growing at low nutrient concentration with a contin-
uous nutrient supply. Despite being supplied with a variety of
different sugar mixtures, E. coli maintains a constant steady-
state biomass in these experiments because all of the carbon
sources are substitutable.
To explicitly test growth dynamics, we compared our model
to batch growth data from Egli et al. [42]. In this exper-
iment, timecourses of biomass and nutrient concentrations
were measured in a culture of E. coli supplied with a mix-
ture of glucose and galactose. The E. coli used to seed
this culture came from a glucose-limited chemostat (we also
compared our model to a batch seeded with E. coli from
a galactose-limited chemostat, see Appendix Fig. 17). For
this data we used our serial dilution model with Monod ki-
netics and Ki values from measurements on the same strain
[44]. As shown in Fig. 6C, the agreement between the best-
fit model and the experimental data is generally quite good
over the entire time course. The estimated αi, measured in
units of (mg sugar)(mg biomass)−1h−1, were 0.46±0.04 and
0.41± 0.03 for glucose and galactose, respectively. The esti-
mated yield was 0.42±0.03 (mg biomass)(mg sugar)−1, sim-
ilar to the experimentally measured yield used in the chemo-
stat model of 0.45 (mg biomass)(mg sugar)−1. Our model
captures the glucose and biomass trends very well, but some
galactose data points fall outside of the confidence interval.
In addition to possible experimental noise, this may be due
to small variations in yield during growth, as a constant yield
would imply that accurately modeling biomass and glucose
would necessarily also accurately capture galactose (cgal(t) =
const−ρ(t)−Y cgluc(t)). A time-varying yield would explain
why the system appears to slightly increase in total effective
biomass during the middle of the timecourse. Nevertheless,
it is clear that the overall growth dynamics in this experiment
are consistent with our model assumptions, including substi-
tutable and simultaneous consumption of nutrients.
While we only compare our model to data from E. coli, sub-
stitutable and simultaneous growth on multiple nutrients has
been observed in other bacteria such as Lactobacillus brevis
[45], and has even been observed in non-prokaryotic organ-
isms. For example, the eukaryote Kloeckera sp. 2201 has
been shown to simultaneously utilize methanol and glucose
as carbon sources [33]. Similarly, the methanogenic archaeon
Methanosarcina barkeri can simultaneously utilize methanol
and acetate in batch culture [46]. However, it should be noted
that our simple model framework cannot describe the growth
kinetics of all microbes in all conditions. For example, the in-
ferred strategy of E. coli for glucose varied between the batch
and chemostat experiments examined here, suggesting that the
total metabolic enzyme budget of microbes changes in differ-
ent conditions. Such variation is likely due to other cell func-
tions, such as ribosome synthesis [47], consuming different
fractions of the cell’s total material and energy budget, some-
thing we do not explicitly model. Indeed, our goal is not to
precisely model all microbial growth phenomenon, but rather
to construct a widely applicable approximation of microbial
growth in order to better understand ecological dynamics.
8FIG. 6: Fitting of fixed-enzyme-budget model to experimen-
tal data. (A-B) Fit of the chemostat version of the model
to data from chemostat experiments from Lendenmann et
al. [43]. The experimental data are steady-state concentra-
tions of sugars in E. coli chemostats supplied with differ-
ent mixtures of glucose, fructose, and ribose. The strategy
αi for each sugar is inferred, whereas all other parameters
are derived from the experimental conditions and measure-
ments. The solid curves show the model prediction, with the
shaded region marking the 95% prediction bound (see Ap-
pendix A for details). (A) Comparison of model to data from
chemostats supplied with glucose and fructose with a con-
stant total feed concentration of 100 mg/L. (B) Comparison
of model to data from chemostats supplied with glucose and
ribose with a constant total feed concentration of 100 mg/L.
(C) Comparison of serial dilution model fit to batch growth
data from Egli et al. [42]. Solid curves are model predic-
tions and the shaded area is the 95% prediction bound. “Ef-
fective biomass” refers to the total biomass within the system:
M(t) = ρ(t) + Y (cgluc(t) + cgal(t)). Since the data for the
three timeseries were measured at slightly different times, the
effective biomass for the experimental data was obtained by
linear interpolation of the data points. The inferred parame-
ters were the strategy (α1, α2) for the two sugars, glucose and
galactose, and the yield Y .
Discussion
Natural ecosystems experience variations in the timing
and magnitude of nutrient supply, and the impact of these vari-
ations on species diversity is not fully understood [22, 32].
To explore the impact of variable nutrient supply, we mod-
eled resource competition in a serial dilution framework and
analyzed the model’s steady states. We found that variable
nutrient supply still allows for the high diversity seen in the
continuous supply (“chemostat”) version of the model. Sur-
prisingly, however, supplying the nutrients as a bolus led to a
dependence of diversity on the amount of supplied nutrients.
Finding a general relation between the amount of nutrient
supplied to a community and its diversity is a long-standing
goal of theoretical ecology [23–25]. We found that in our
model the form of the nutrient-diversity relation (NDR) can
change based on model details. The model has two regimes:
a low diversity and a high diversity regime. The former sat-
isfies competitive exclusion (no more species coexisting than
resources), whereas the latter exceeds competitive exclusion
and occurs when the nutrient supply lies within the convex
hull of the remapped metabolic strategies present [34]. At the
bifurcation point between the two regimes, we observe criti-
cal slowing down in that the number of dilutions required to
reach steady state diverges. An interesting direction for future
research will be to characterize this divergence and the result-
ing interplay between relaxation to steady state and response
to slowly changing environmental conditions.
In the high diversity regime, the NDR can take several
forms. For a single trophic layer and multiple supplied nutri-
ents, the model has a U-shaped NDR. For a single supplied
nutrient with cross-feeding via a second trophic layer, the
NDR is monotonically decreasing. Finally, allowing daugh-
ter cells to have different strategies than their parents (“muta-
tion”) leads to a monotonically increasing NDR. Thus, even
in this very simple model there is no general NDR.
Experimental studies that characterize the NDRs of micro-
bial ecosystems have reached similarly variable conclusions.
For example, one work studying bacterial communities in
Arctic deep-sea sediments found an increasing trend between
energy input and richness [29], while a study on photosyn-
thetic microbial mats found a negative relationship between
energy input and richness [30]. A meta-analysis of aquatic
microbial ecosystems found examples of both monotonic and
non-monotonic NDRs, with no single form dominating [32].
Our theoretical results, together with these experimental find-
ings, indicate that there may be no single universal NDR in
microbial ecosystems. This conclusion suggests that the best
approach for characterizing the NDR of a given ecosystem
is not to apply a one-size-fits-all theory, but to analyze the
role of different factors such as cross-feeding, trade-offs, and
immigration in determining that particular ecosystem’s NDR.
While we have focused on microbial systems, the absence of
a universal NDR is consistent with results from recent work
in plants [28].
We found that the stringency of metabolic trade-offs has
a large impact on community diversity. We imposed a
metabolic enzyme budget on each species to reflect the reality
that microbial cells have a finite capacity to synthesize pro-
teins and must carefully apportion their proteome [48]. How-
ever, while it is true that microbes have limited biosynthetic
capacity, it is unclear how strict are the resulting trade-offs.
For this reason, we characterized versions of the model with
both exact and inexact trade-offs. Our results show that the
form of an ecosystem’s NDR can depend on the stringency
of metabolic trade-offs. This finding is not exclusive to the
serial dilution model. The stringency of trade-offs was also
9important in the original chemostat setting: in a birth-death-
immigration framework, small violations of the enzyme bud-
get still allowed for high levels of coexistence, but large viola-
tions disrupted coexistence [34]. These results suggest that an
experimental characterization of the stringency of metabolic
trade-offs among microbes would provide a valuable ecologi-
cal parameter. Also note that metabolic trade-offs are only one
of the many types of trade-offs microbes are subject to; other
types of trade-offs, such as constraints between biomass yield
and growth rate [49], may also shape a community’s NDR.
In constructing a model, we made a number of assumptions
about the way in which microbes consume and utilize nutri-
ents. Some of these assumptions do not apply to all microbial
communities, and it would be worthwhile to examine the im-
pact of relaxing these assumptions on the NDR. For example,
we focused on communities where all nutrients are equally
valuable (i.e. Yi = Yj ∀i, j). However, biomass yields can
vary between nutrients and between species. We show in Fig.
8 that coexistence in the serial dilution model is robust to vary-
ing yield, as long as all species have the same yield on a given
nutrient. The scenario where species have different biomass
yields on the same nutrient is conceptually similar to the case
of inexact trade-offs, since some species will have a strict ad-
vantage over others. Thus, it is likely that these unequal yields
between species will lead to a reduction in community diver-
sity. However, varying the yield in this manner also allows for
the inclusion of new trade-offs that may impact diversity, such
as the aforementioned trade-off between yield and growth rate
[49]. Our model framework also assumes that all nutrients are
substitutable (i.e. only one of the multiple nutrients is required
for growth). In real ecosystems, microbes can require multi-
ple complementary nutrients to grow, e.g. sources of carbon,
nitrogen, and phosphorus. In cases where one class of com-
plementary nutrient is strongly limiting, a model with both
complementary and substitutable resources would essentially
reduce to the current model of only substitutable resources.
This case is likely the more common one, e.g. as many soils
are carbon limited [50, 51]. However, in cases where no sin-
gle nutrient is strongly limiting, the presence of complemen-
tary nutrients would possibly lead to different NDRs, which
will be an interesting direction for future study. Another po-
tentially informative alteration to our model is to relax the as-
sumption of constant enzyme levels by adding metabolic en-
zyme regulation in response to nutrient levels. This would al-
low species’ strategies to move through the simplex as a batch
progresses. Since the position of the strategies controls the
remapped node positions, the addition of enzyme regulation
could impact community diversity and coexistence.
Our modeling predictions, e.g. the convex hull condition
and the high diversity resulting from “spike-in” even when
enzyme budgets are unequal, are in principle testable. As we
showed in Fig. 6, the growth dynamics of E. coli at low nutri-
ent levels is well described by our modeling framework. The
experiments we compared to were performed with the same
strain of E. coli, meaning different microbes would be needed
to test the multispecies predictions. To determine the strate-
gies of other microbes, including other strains of E. coli, the
most practical approach would likely be batch culturing. Once
strains with different strategies have been identified, nutrient-
diversity relationships could then be obtained by competing
strains in serial dilution culture and measuring the community
diversity (e.g. via fluorescent tags or by 16S rRNA sequenc-
ing) as a function of the total concentration of sugars provided
at the start of each batch.
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Appendix A: Methods
This section describes the simulation methods used in this
manuscript. All code and data used in this manuscript can be
found at https://github.com/AmirErez/SeasonalEcosystem.
Deterministic dynamics
We numerically solve the ODEs within each batch using
a custom MATLAB-coded fourth-order Runge-Kutta solver
with adaptive step size. Step size at a given time step is chosen
such that the relative change of all state variables is below a
predetermined threshold.
Population bottleneck sampling
We implement discrete sampling when diluting from one
batch to the next by picking without replacement ρ0 indi-
viduals from a total end-of-batch population of ρ0 + c0. If
there are non-integer populations at the end of a batch (as can
occur with deterministic dynamics), they are rounded up if
ρσ − floor(ρσ) > U(0, 1) where floor rounds down to the
nearest integer and U(0, 1) is a uniform random variable be-
tween 0 and 1. For all simulations with stochastic bottlenecks,
we allow the simulation to equilibrate for 10,000 dilutions and
average over 10,000 further dilutions.
Mutation-selection dynamics
We use Gillespie’s algorithm to simulate the reactions
shown in Table I until all nutrients {ci} are depleted.
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TABLE I: Gillespie reactions for mutation-selection dynamics
Name Reaction Rate
Birth σ → 2σ (1− ν)ρσ
∑
i jσ,i
Mutation σ → σ + σ′ νρσ
∑
i jσ,i for a randomly chosen σ
′
Time t→ t+ ∆t ∆t = − ln(U(0, 1))/∑σ,i ρσjσ,i
with U(0, 1) a uniform random variable between 0 and 1. For
each “birth” reaction, (ρσ increases by 1), ci decreases by
jσ,i/
∑
i jσ,i.
For all simulations featuring mutation (Fig. 5 and Appendix
Figs. 12-16), we let the system equilibrate over 10,000 dilu-
tions, much more than required to reach steady state in the
deterministic model, and then average over at least 90,000
more dilutions. To ensure that the results do not depend on
the number of possible strategies, (due to mutations saturat-
ing all possible species), we increase the total number to 201
species equally spaced between 0 and 1.
TABLE II: Annotation glossary
Symbol Description
t Time measured from the beginning of a batch
p Number of nutrients
m Number of species introduced at time t = 0
me Effective number of species at steady state
ν Mutation rate
i (1...p) Latin index enumerating nutrients
ci(t) Time dependent concentration of nutrient i
c0
∑p
i=1 ci(0); total nutrient concentration at time t = 0
Ki ≡ K Monod half-velocity constant
Ii
∫∞
0
ci
Ki+ci
dt; nutrient Monod function time integral
σ, σ′, ... (1...m) Greek indices enumerating species
ρσ(t) Species σ biomass density at time t since a start of the batch
~ασ (ασ,1, ..., ασ,p); enzyme allocation strategy for species σ
ε Standard deviation in enzyme budget
E E =
∑
i ασ,i = 1 for ε = 0; enzyme budget
Γσi,i′ Byproduct matrix converting nutrient i
′ to nutrient i
jσ,i Nutrient i consumption rate by species σ
Yi Biomass yield on nutrient i
Fitting to experimental data
To fit our model to the experimental data in Lendenmann et
al. [43], we first digitally extracted the steady-state data points
from the experimental figures. We used the model from Posfai
et al. [34] with Monod kinetics. The Ki of glucose, ribose,
and fructose were taken as 73, 132, and 125 µg/L sugar, re-
spectively [44]. The model was fit to the data and the standard
error of parameters were estimated using the MATLAB curve
fitting toolbox. The only parameters estimated were the αi of
glucose, ribose, and fructose. It was assumed that all sugars
had a biomass yield of Y = 0.45 (g biomass)(g sugar)−1, as
measured experimentally [43]. The supply rates for a given
simulation were computed as Si = cf,iδ, where Si is the
nutrient supply rate of nutrient i, cf,i is the concentration
in the feed of nutrient i, and δ is the dilution rate of the
chemostat. The fitting process minimized only the sum of
squared errors between the model and the nutrient concentra-
tion data, since steady-state biomass within the model is ap-
proximately constant and determined by measured parameters
(ρss ≈ Y
∑
i Si
δ ). Confidence intervals for parameters were es-
timated using MATLAB’s confint function, which computes
the interval using an estimate of the diagonal elements of the
covariance matrix of the coefficients multiplied by the inverse
of the Student’s t distribution. The prediction bounds (shaded
regions) are calculated using MATLAB’s predint function,
which uses the estimated covariance matrix and the Jacobian
of the fitted values to the parameters to predict the bounds.
The data fitting procedure for the batch experimental data
was similar to that employed for the chemostat experimental
data. We digitally extracted the data points from the figure in
Egli et al. [42] and used the MATLAB curve fitting toolbox.
The biomass was reported as OD546 and was converted to
mg/L using a conversion factor measured for the same strain
[43]. Two sugar data points that were taken before the first
biomass measurement were removed so that the initial condi-
tions of the system would be well-defined. We estimated the
parameters of the serial dilution model developed in this pa-
per assuming Monod kinetics (Eq. 1). It was further assumed
that both sugars had the same yield, Y . The yield was not
measured in the experimental study and was therefore left as
a fitting parameter. The Ki for glucose and galactose were 73
and 98 µg/L, respectively [44]. The three fitting parameters
were the yield Y and the strategies αi for glucose and galac-
tose. The data points of the sugar and biomass measurements
were taken at slightly different times, so the effective biomass
for the experimental data was obtained by linear interpolation
of the data points. Confidence intervals and prediction bounds
were estimated using the same methods as for the chemostat
model.
Appendix B: General form of the model
The most general form of the model considered in this
manuscript includes variable nutrient yield Yi, Monod half-
velocity constant K˜i, and enzyme cost wi:
dρσ
dt
=
∑
i
Y˜iα˜σiρσ
c˜i
K˜i + c˜i
(B1)
dc˜i
dt
= −
∑
σ
α˜σiρσ
c˜i
K˜i + c˜i
(B2)
E =
∑
i
wiα˜σi . (B3)
The enzyme costs wi and total enzyme budget E of the orig-
inal equations can be removed by rescaling the strategies
and nutrient concentrations such that α˜σi = (E/wi)ασi and
c˜i = (E/wi)ci. This rescaling leads to a new effective Monod
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half-velocity constant and yield such that K˜i = (E/wi)Ki
and Y˜i = (wi/E)Yi. The simplified equations are therefore:
dρσ
dt
=
∑
i
Yiασiρσ
ci
Ki + ci
(B4)
dci
dt
= −
∑
σ
ασiρσ
ci
Ki + ci
(B5)
1 =
∑
i
ασi . (B6)
Appendix C: Mutual invasibility condition for coexistence
beyond competitive exclusion
In our model, coexistence of an unlimited number of
species can be traced back to the conditions for the coexis-
tence of a smaller number of species. This is because in a
system with p nutrients, once p species coexist they create
an environment where all nutrients are equally valuable and
all species can coexist. For example, understanding the con-
ditions for unlimited coexistence in two nutrient competition
requires us to examine the conditions that allow two species
to coexist. In order for two species to coexist, they must be
able to invade each other. This means that in an environment
dominated by Species 1, Species 2 will have higher fitness and
vice-versa.
Under what nutrient supplies, ci(0)/c0, can two species in-
vade each other? In the chemostat version of the model, these
invasibility conditions are simple to determine. Consider two
species where ~α1 is to the left of ~α2 on the 1-simplex. Species
2 can invade Species 1 if the nutrient supply is to the right of
~α1. Species 1 can invade Species 2 if the nutrient supply is to
the left of ~α2. Therefore, the two species can mutually invade
and coexist if and only if the nutrient supply lies between ~α1
and ~α2. This is precisely the convex hull condition, with no
remapping.
For same pair of species, how do we determine the nutri-
ent supplies for which species 1 can be invaded by Species
2 in the serial dilution version of the model? The fitness of a
species in this model is the growth exponent
∑
i ασ,iIi, mean-
ing that species 2 can invade Species 1 at nutrient supplies
where Species 1 creates an environment such that I2 > I1.
The nutrient supply at which Species 1 creates an environ-
ment where I1 = I2 therefore bounds the region of nutrient
supplies for which Species 2 can invade. By the same logic,
the border for the region where Species 1 can invade Species
2 is the nutrient supply at which Species 2 creates an environ-
ment where I1 = I2. Therefore, the mutual invasibility region
is now defined by the nutrient supplies where each species
growing in isolation creates an environment where I1 = I2.
These points are what we refer to as the ”remapped coex-
istence boundaries” and, unlike in the chemostat version of
the model, these generally do not correspond to the species’
strategies.
Appendix D: Perturbation theory for c0/Ki  1
In the main text, we provide an explanation why in the
limit of small nutrient bolus size c0/K, the serial dilution
model becomes a chemostat. In this section, we prove this
chemostat limit using a perturbation expansion to first order
in c0/K.
We define a perturbation expansion with respect to the
small parameter φ = c0/K,
ρσ(t) = ρσ(0) + φρ
(1)
σ (t) + φ
2ρ(2)σ (t) + ... (D1)
ci(t) = φc
(1)
i (t) + φ
2c
(2)
i (t) + ...
ρ(k>0)σ (0) = 0
c
(k>1)
i (0) = 0 .
We note that at O(1) we have ρσ(t) = ρσ(0) and ci(t) = 0 as
expected. We begin by expanding the Monod function,
ci
ci +K
≈ ci
K
−
( ci
K
)2
(D2)
≈
(
φc
(1)
i + φ
2c
(2)
i + ...
K
)
−
(
φc
(1)
i + φ
2c
(2)
i + ...
K
)2
≈ φ
(
c
(1)
i
K
)
+ φ2
(c(2)i
K
)
−
(
c
(1)
i
K
)2+O(φ3) .
Accordingly, in the kinetic equation for ci,
c˙i = − ci
K + ci
∑
σ
ασ,iρσ , (D3)
substituting the expansion in Eq. D2 and keeping the leading
order, c(1)i , gives,
c˙
(1)
i = −c(1)i
∑
σ
ασ,iρσ(0)
K︸ ︷︷ ︸
γi
(D4)
=⇒ c(1)i = c(1)i (0)e−γit .
We next solve for ρ(1)σ using c
(1)
i , and then we will use ρ
(1)
σ to
solve for c(2)i . It is possible but not necessary for our purposes
to iterate further. The kinetic equation for the biomass density
ρσ is,
ρ˙σ = ρσ
∑
i
ασ,i
ci
K + ci
. (D5)
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Substituting the φ expansion gives, to leading order,
ρ˙(1)σ = ρσ(0)
∑
i
ασ,ic
(1)
i
K
(D6)
= ρσ(0)
∑
i
ασ,ic
(1)
i (0)e
−γit
K
=⇒ ρ(1)σ = ρσ(0)
∑
i
ασ,ic
(1)
i (0)
Kγi
(
1− e−γit) .
Taking the long-time limit, t 1γi , we obtain,
ρ(1)σ (t γ−1i ) = ρσ(0)
∑
i
ασ,ic
(1)
i (0)
Kγi
. (D7)
Focusing on the leading order, we conclude that,
ρσ(t γ−1i ) = ρσ(0) + φρσ(0)
∑
i
ασ,ic
(1)
i (0)
Kγi
. (D8)
Substituting for γi and for c
(1)
i (0) = ci(0)/φ, we have,
ρσ(t γ−1i ) ≈ ρσ(0) + ρσ(0)
∑
i
ασ,ici(0)∑
σ′ ασ′,iρσ′(0)
. (D9)
Explicitly stating the batch number d, at the end of the batch,
i.e. at time t = tf  γ−1i , the biomass density is,
ρσ(d, tf ) ≈
(
1 +
∑
i
ασ,ici(0)∑
σ′ ασ′,iρσ′(d, 0)
)
ρσ(d, 0) .
(D10)
In the serial dilution model with complete consumption of all
nutrients c0 and initial biomass ρ0, the inoculum populations
in batch d + 1 can be computed from the populations at the
time of complete nutrient consumption, tf , in batch d,
ρσ(d+ 1, 0) =
ρ0
ρ0 + c0
ρσ(d, tf ) =
ρσ(d, tf )
1 + c0/ρ0
(D11)
=
ρσ(d, 0)
1 + c0/ρ0
(
1 +
∑
i
ασ,ici(0)∑
σ′ ασ′,iρσ′(d, 0)
)
.
At steady state, we require that ρσ(d+ 1, 0) = ρσ(d, 0):
1 + c0/ρ0 = 1 +
∑
i
ασ,ici(0)∑
σ′ ασ′,iρσ′(d, 0)
. (D12)
Our calculation, to order φ, gives,
c0
ρ0
=
∑
i
ασ,ici(0)∑
σ′ ασ′,iρσ′(0)
. (D13)
Dividing both sides by tf and defining,
δ =
c0
ρ0tf
, si =
ci(0)
tf
, (D14)
we finally reach the c0/K  1 steady-state condition for the
serial dilution system:
δ =
∑
i
ασ,isi∑
σ′ ασ′,iρσ′(0)
. (D15)
Averaged over a batch, si is the average rate that nutrient i
is supplied, and δ is the average rate that all the nutrients are
supplied per unit inoculum biomass. If this were a chemostat
rather than a serial dilution model, then one could think of
si as the rate nutrient i is continuously supplied. Moreover,
for a chemostat, δ, which would be the rate all nutrients are
continuously supplied per unit biomass, would need to equal
the dilution rate of the chemostat to maintain steady state. In-
deed, Eq. D15 is precisely the steady-state condition for the
chemostat (Eq. 4 from Ref. [34]) with si and δ interpreted as
above.
Thus we complete the proof that in c0/K  1, the steady
state of our serial dilution model is identical to the steady state
of the equivalent chemostat model.
Second-order corrections to remapping of the coexistence
boundaries for c0/K  1
We have demonstrated above that the leading terms in an
expansion for small nutrient supply retrieve the steady-state
solution of the chemostat model. However, we know from
numerical simulations, that as c0/K ≡ φ is increased, the
coexistence boundaries become remapped, away from the en-
zyme strategies. Since there is no remapping at the chemostat
limit, equivalent to an expansion to order φ as proved above,
to capture the remapping we expand to order φ2 in ci(t). To
this end, we return to the φ expansion and extract the φ2 con-
tribution,
c˙
(2)
i
K
=
(
c
(1)
i
K
)2
γi −
(
c
(2)
i
K
)
γi −
(
c
(1)
i
K
)∑
σ
ασ,iρ
(1)
σ
K
.
(D16)
which gives,
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c
(2)
i
K
=
(
c
(1)
i (0)
K
)2 (
e−γit − e−2γit)− c(1)i (0)
K
∑
σ
ασ,iρσ(0)
K
∑
j
ασ,jc
(1)
j (0)
Kγj
(
te−γit − e
−γit − e−(γi+γj)t
γj
)
. (D17)
Now we can solve for the growth-function integrals Ii for the
case of a single species growing in isolation. We expand the
growth-function integral,
Ii =
∫ ∞
0
ci(t
′)
ci(t′) +K
dt′ = φI(1)i + φ
2I
(2)
i + ... (D18)
Substituting the order φ from Eq. D5 and integrating, gives:
I
(1)
i =
∫ ∞
0
c
(1)
i (t
′)
K
dt′ =
c
(1)
i (0)
Kγi
. (D19)
For a single species growing in isolation, γi = 1Kασ,iρσ(0).
Thus, to order φ, the chemostat limit, we obtain, (in the
chemostat limit, for a single species),
Ii = φI
(1)
i =
ci(0)
ασ,iρσ(0)
. (D20)
Thus, to satisfy the coexistence boundary conditions: ∀i :
Ii = const, to order φ it must be that ∀i : ci(0)/ασ,i = const.
This is precisely the coexistence condition for the chemostat,
explained in Appendix C. To obtain the remapping of the co-
existence boundaries, we must expand Ii to order φ2.
To order φ2 we substitute Eq. D5 for c(1)i and Eq. D17 for c
(2)
i
and integrate, giving:
I
(2)
i =
∫ ∞
0
c(2)i
K
−
(
c
(1)
i
K
)2 dt′ = −c(1)i (0)
K
∑
σ
ασ,iρσ(0)
K
∑
j
ασ,jc
(1)
j (0)
γjK
(
1
γ2i
− 1
γiγj
+
1
γj(γi + γj)
)
, (D21)
which upon substituting γi for a single species simplifies to:
φ2I
(2)
i = −
ci(0)
ρσ(0)ασ,i
∑
j
cj(0)
ρσ(0)ασ,j
α2σ,j
ασ,i + ασ,j
(D22)
= −φI(1)i
∑
j
φI
(1)
j
α2σ,j
ασ,i + ασ,j
.
Collecting terms to order φ2 gives
Ii = φI
(1)
i
1−∑
j
φI
(1)
j
α2σ,j
ασ,i + ασ,j
+O(φ3) . (D23)
As before, the coexistence boundaries are defined by Ii =
const. To order φ2, Eq. D23 can be used to solve for this
remapping analytically. Eq. D23 also clarifies why perfect
generalists (∀i, j : ασ,i = ασ,j) do not get remapped, as
stated in the main text. This is because for a generalist
∀i, j : α2σ,j/(ασ,i + ασ,j) = const., meaning that the second-
order Ii will all be equal if the first-order Ii are all the same.
Moreover, the term I(1)j ∝ ρ−1σ (0) multiplies the order φ2 cor-
rection to the coexistence boundary, and as a result, the larger
ρσ(0), the smaller the remapping. A comparison between the
analytic form of the remapping at small c0/K and its numer-
ical form is shown below. As is apparent, the agreement is
excellent and extends to higher c0/K as ρ0/K increases be-
cause at high ρ0/K the remapping is small.
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FIG. 7: Numerical solution and analytical perturbation theory
results for remapping of the coexistence boundaries at low c0.
The analytic solution is derived from ∀i : Ii = const using the
second-order expansion in Eq. D23.
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Appendix E: Remapping of the coexistence boundaries for
c0/K  1
Here we show that at high c0/K the coexistence bound-
aries remap to their chemostat positions. When a large nutri-
ent bolus is present, the growth function is effectively always
saturated such that
dρσ
dt
= ρσ
p∑
i=1
ασ,i
ci
K + ci
≈ ρσ
∑
i
ασ,i = ρσE, (E1)
where
∑
i ασ,i = E is in units of 1/time, without loss of gen-
erality E can be set to unity, but we keep it here to make the
units explicit. Solving for ρ(t) yields ρ(t) = ρ0eEt. The
assumption that ci  K can then be applied to the nutrient
dynamics, yielding:
dci
dt
= −ασ,iρσ(t) ci
K + ci
≈ −ασ,iρ0eEt . (E2)
Solving for the nutrient dynamics leads to ci(t) = ci(0) +
ασ,i
E ρ0(1 − eEt). Since the growth function is nearly always
saturated (giving an integrand value of 1), the growth-function
integral Ii =
∫∞
0
ci
Ki+ci
dt approximately equals the time of
nutrient exhaustion. Thus for a given nutrient i, the time when
that nutrient is depleted ti,f is given by:
ti,f = Ii =
1
E
ln
(
1 +
ci(0)E
ασ,iρ0
)
. (E3)
Note that the coexistence boundaries are defined by ∀i : Ii =
const which is satisfied when the fraction of nutrients in the
initial bolus matches the strategies,
∀i : ci(0)/ασi = const . (E4)
This is precisely the result in Appendix C, indicating that in
the c0/K  1 limit the coexistence boundaries return to their
chemostat values.
Appendix F: Supplemental Figures
FIG. 8: Serial dilution model with unequal Yi and Ki. In the
main text, we assume that all nutrients are equally valuable
(Yi ≡ Y ) and equally accessible (Ki ≡ K). Here we show
that relaxing these assumptions still allows unlimited species
coexistence as long as all species have the same Yi and Ki for
a given nutrient. In the simulation shown, K1 = 10, K2 = 3,
Y1 = 2, and Y2 = 5. The 21 strategies are equally spaced,
with equal initial inocula, Nutrient 1 fraction 0.3, and ρ0 =
c0 = 1.
10 -4 100 104
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0
FIG. 9: Dependence of coexistence boundary remapping on
c0/K. As a further exposition to Fig. 3A in the main text,
shown here is the difference between the remapped coexis-
tence boundaries and the corresponding metabolic strategies
as a function of c0/K and metabolic strategy.
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FIG. 10: Batch timecourses of a bitrophic model with only
two species. To further investigate the difference between the
unitrophic and bitrophic scenarios, we consider a toy system
with only two species, Species 1 with strategy (0.05, 0.95)
and Species 2 with strategy (0.95, 0.05). We set the byprod-
uct matrix for perfect conversion, and the nutrient bolus com-
position so that only Nutrient 2 is provided. By the end
of each batch, the same amounts of Nutrient 1 and Nutri-
ent 2 have been consumed. (A) Simulations with constant
c0/ρ0 and variable c0/K. The ”early-bird” effect becomes
stronger with decreasing c0/K, since this allows the domi-
nant species to grow more before the byproduct can be readily
consumed. (B) Simulations with variable c0/ρ0 and constant
c0/K. The ”early-bird” effect is stronger at higher c0/ρ0 be-
cause the larger amount of supplied nutrient allows the dom-
inant species to build a large population which can then out-
compete other species. Conversely, if instead of cross-feeding
we were to supply in the nutrient bolus equal quantities of Nu-
trients 1 and 2, the result would be equal abundance of both
species.
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FIG. 11: Remapping under stochastic Gillespie dynamics
without mutation (ν = 0). With stochastic growth dynam-
ics, the remapping itself becomes stochastic with a large vari-
ance for c0/K  1. For every observation of remapping at a
given strategy and c0/K value, the growth-function integrals
Ii were computed across the range of nutrient supply propor-
tions. The remapped coexistence boundary for that set of sim-
ulations is the nutrient supply which produced the smallest
difference between I1 and I2. For a given strategy and c0/K
value, this procedure was repeated multiple times to obtain a
remapping density. Here, the log of the remapping density is
shown as a heatmap for ρ0/K = 10−3. Colored curves show
the corresponding deterministic remapping from Fig. 3A in
the main text.
FIG. 12: Timecourses of three stochastic models: no mutation
or spike-in, only spike-in, and only mutation. In the main
text, we only present data on the steady states of the stochastic
models while here we examine the full timecourses. In all
cases, inter-batch sampling is stochastic without replacement.
In the model without mutations (ν = 0) and without spike-
in, sampling causes extinctions of species with no possibility
of recovery. The model with no mutations but with spike-
in results in the number of species stabilizing at steady state.
The model with mutations but without spike-in results in a
fluctuating number of species, as species constantly go extinct
and are reborn through mutation. x-axis is batch number.
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FIG. 13: Timecourses of three stochastic models, as in Fig. 12,
but rescaling the x-axis to approximate true time. We scale the
number of batches by the time it takes to consume c0 nutrients
as log
(
ρ0+c0
ρ0
)
. This approximation comes from assuming
saturated growth dynamics (ρ(t) = ρ0eEt) and computing the
time it takes to consume c0 nutrients.
FIG. 14: Left: Number of extant species under mutation-
selection balance. Complementing Fig. 5 in the main text,
here we present the median number of extant species vs. c0/K
for varying supply proportions with ν = 0.01, ρ0 = 1000, and
K = 1000. The number of species is recorded at the begin-
ning of each batch. As c0/K increases, the number of ex-
tant species (species with non-zero abundance) increases due
to more opportunities for mutations. More evenly balanced
nutrient supplies lead to a larger number of species. Right:
Median number of extant species as a function of c0/K at dif-
ferent mutation rates ν from 0 (black) to 0.01 (orange) with
supply composition (0.005, 0.995). With increasing ν, more
species are created by mutation during each batch. When
ν = 0, the median number of extant species fluctuates be-
tween one and two species due to extinctions though sampling
noise. When ν > 0, the steady state reflects a balance between
the addition of new species through mutation and the loss of
species due to inter-batch sampling.
FIG. 15: Mutation-selection balance for high ρ0 and K (ρ0 =
105, K = 105, and ν = 10−3). The results presented in
Fig. 5 in the main text are for ρ0 = 1000, K = 1000, and
ν = 0.01. With these parameters, sampling noise dominates
in the c0/K  1 limit. Here, we explore the c0/K  1
limit using larger ρ0 and K. (A) Effective number of species
me for different nutrient compositions (colors) as a function
of nutrient bolus size c0/K. (B) Rank-abundance curves for
Nutrient 1 fraction 0.05 (cyan) and 0.5 (magenta); line thick-
ness corresponds to c0/K values. We note the similar trends
to the results in the main text, with a sharper decrease in the
rank-abundance curves for c0/K  1, a regime difficult to
characterize for K = 1000 as it is dominated by sampling
noise.
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FIG. 16: Number of extant species under mutation-selection
balance for ρ0 = 105, K = 105, and ν = 10−3. Note the
monotonic increase in the median number of extant species
with c0 without saturating the total number of possible species
(here 201).
FIG. 17: Comparison of serial dilution model fit to batch
growth data from Lendenmann et al. [52]. This data is similar
to that in Fig. 6C, except that the inoculum was taken from
galactose-limited conditions instead of glucose limited con-
ditions. Solid curves are model predictions and the shaded
area is the 95% prediction bound (see Appendix A for details).
“Effective biomass” refers to the total biomass within the sys-
tem: M(t) = ρ(t) + Y (c1(t) + c2(t)). Since the data for
the three timeseries were measured at slightly different times,
the effective for the experimental data was obtained by lin-
ear interpolation of the data points. The inferred parameters
were the strategy (α1, α2) for the two sugars, glucose and
galactose, and the yield Y . The estimated αi, measured in
units of (mg sugar)(mg biomass)−1h−1, were 0.43±0.06 and
0.57 ± 0.04 for glucose and galactose, respectively. The es-
timated yield of 0.37 ± 0.03 (mg biomass)(mg sugar)−1 was
similar to that inferred in Fig. 6C.
FIG. 18: Serial dilution model with three nutrients. Left: Ex-
ample of remapping on the three nutrient simplex, similar to
Fig. 2 from the main text. Here we show how the remapping
analysis presented in the main text for two nutrients can be
extended to three nutrients. Remapping of three strategies for
c0/K = 1 and ρ0 = 10−2. Outer circles: strategies {~ασ};
inner circles: remapped nodes; white X’s: remapped nodes
from stochastic dynamics as in Fig. 11; lines connecting outer
circles: supplies within this convex hull of strategies lead to
coexistence of all species in the chemostat regime c0/K  1;
dashes connecting inner circles: approximate remapped con-
vex hull boundary defining region of supplies leading to coex-
istence for c0/K = 1. Note that, as in the two nutrient case,
the strategies map inwards on the simplex for c0/K ≈ 1.
Right: Steady-state effective number of species me versus
c0/K for equal initial inocula of 64 species equally spaced
throughout the triangular simplex competing for three nutri-
ents. Effective number of species shows the same trend of
loss in diversity when c0/K ≈ 1 as in the two nutrient case in
Fig. 3C.
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